Enhancement in backscattering known as glory scattering results from geometric and material properties of spherically symmetric scatterers. The wave-front shape near the spherical scatterer is locally a circular torus.
Introduction
During the course of experiments aimed at observing the backscattering of laser light from freely rising spherical air bubbles in a tank of water, we observed scattering patterns that were dim at the center and had a bright region in the shape of an astroid curve, with spokelike fringes projecting toward the center of the patterns. Figure (a) is the best example of the data recorded at that time. Based on previous observations from spherical bubbles,' we had expected the scattering patterns to consist of a series of rings surrounding a central bright region. The observations suggest that the bubble shape producing the scattering pattern in Fig. 1 (a) must be slightly spheroidal, even though to the unaided eye the bubbles appeared to be spherical, with the deviation from the spherical shape caused by an unequal polar distribution of hydrodynamic stress on the bubble.
When the research was done the authors were with the Department of Physics, Washington State University, Pullman, Washington 99164-2814. W. P. Arnott is now with the National Center for
The astroid curve is an example of an optical caustic. It is well known that lens aberrations can be investigated effectively from the point of view of optical caustics. However, we find the catastrophe-optics theoretic point of view more useful for investigating the far-zone astroid caustic.
A numerical simulation, based on the physical-optics theory discussed below, of the experimental scattering pattern in Fig. 1(a) is displayed in Fig. 1(b) . The bubble generator was adjusted to produce spherical bubbles, and observations, which have been reported, 2 were made of the angular scattering patterns of spherical bubbles. Some anomalous patterns had previously been observed by eye but had not been photographed. 3 One of us (W. P. Arnott) carried out a detailed investigation of these patterns since they should be indicative of the modification of glory scattering for slightly nonspherical objects. 4 In related research a more general theoretical investigation was completed for scalar or acoustic wave backscattering by objects with 2n-fold symmetry about the axis of illumination. 5 Here we display experimental and numerical scattering patterns for a variety of bubble sizes and laser beam polarization arrangements and also discuss the physical-optics model. We also show how one may estimate bubble oblateness from the observed scattering pattern. Some preliminary results of this research have been presented in summary form. 6 Backscattering by spherical bubbles is referred to as glory scattering in analogy to the atmospheric glory. 7 The general shape is given in Fig. 2 (a) for the backscattered wave front near a spherical object that gives glory scattering. After propagating a sufficient distance, some annular ring of the initial wave front becomes focused at some point on the backscattering axis.
This line of focal points of the initial wave front is known as an axial caustic." 2 In a plane transverse to the backscattering direction the caustic is a single point. In the remainder of this paper we refer to the caustic as the caustic shape in a plane transverse to the backscattering direction and leave as implicit that the caustic is an axial caustic. Bubbles are known to produce a forward-directed toroidal wave front also so that everything said below about the caustic in backscattering from bubbles will be true for the forward glory 8 as well.
Because of focusing by a spherical scatterer the point caustic will be unstable with respect to perturbations of the spherical shape. The unfolding of this point caustic and its associated wave field resulting from transition of the scatterer's shape from spherical to oblate spheroidal are the main themes of this paper.
As early as 1947, van de Hulst recognized how sensitive the backscattering is to deviations from sphericity of bubble. The ring on top is the zero Gaussian curvature contour. An infinite number of rays, such as the ray labeled a, emanate from this contour and are focused in the backward direction. Two rays such as those labeled 1 and 2 contribute to the scattering at other angles.
(b) Wave front near the exit plane of Fig. 3 for a slightly spheroidal bubble. Rays in the direction of the normal to the zero Gaussian curvature contour, shown as the solid black contour, give the astroid caustic shown in Fig.3 . In contrast to (a), only (now unfocused) rays labeled 1 through 4 contribute to the scattering in the exact backward direction.
the particle shape. He commented, 9 "It is obvious that the interference of rays which are refracted by opposite sides of a water drop will be much more sensitive to slight deformations of the droplets than are the rainbows in which only adjacent rays interfere, or the common coronae in which non-refracted rays interfere." His comment also applies to the backward" 2 and forward 8 scattering of light by bubbles. Consider a bubble slightly deformed from the spherical to an oblate spheroid shape. With illumination by a beam traveling parallel to the equatorial plane of the bubble, the backscattered toroidal wave front will be further advanced in space in the plane perpendicular to the equatorial plane than in the equatorial plane. Indeed the cross section of an oblate bubble in the plane perpendicular to the equatorial plane is an ellipse and the backscattered rays have a smaller propagation phase delay than the backscattered rays in the equatorial plane. To the toroidal wave front we add a small harmonic angular perturbation factor that accounts for the difference in the propagation phase delay in these two planes. The general wave-front shape appropriate for slightly spheroidal scatterers is shown in Fig. 2(b) . The intersection of the resulting caustic surface with a distant observation plane is well approximated by an astroid curve 0 such as that shown schematically in Fig. 3 . This was demonstrated in Ref. 5 and is summarized in Section 3.
An exact partial-wave series solution for spheroidal scatterers has been put forth by Asano and Yamamoto." This solution, analogous to the Mie series solution 7 for spherical scatterers, is for plane waves arbitrarily incident on a spheroidal scatterer."1
Calculations"",1 2 using this solution have been reported for small values of the size parameter ha, ka < 50. In this expression a is half of the semimajor axis of the spheroid and k = 27r/X is the wavenumber for wavelength X. In this study, we are dealing with ha factors as high as ha 5000. Numerical difficulties in computing spheroidal wave functions and the infinite se- Fig. 3 . Geometric arrangement of the bubble, coordinate system, and caustic. After interaction with the bubble, a plane wave incident along z on the oblate spheroidal bubble gives a backscattered wave front such as in Fig. 2(b) . Patches of the wave front become focused to form a caustic in the form of an astroid curve in an observation plane along z. Four rays and two rays contribute to the scattering amplitude inside and outside the astroid caustic.
riesl prevent the exact series solution for spheroids from being useful for such large size parameters. Our use of the physical-optics approximation (POA) was motivated by the following considerations. Elementary geometrical optics alone would give divergent field amplitudes on caustics. The POA removes the unphysical geometric divergence on caustics. The short caustic calculation in Subsection 3.C locates the relevant set of caustics by combining our previous analysis from Ref. 5 with the ray tracing summarized in Appendix C. Angular scattering patterns computed from use of the POA in Subsection 3.D agree favorably with experimental observations.
To investigate the backscattering properties of freely rising air bubbles in water over a range of oblateness values, it was necessary to use bubbles having a range of equatorial diameters. Oblateness is defined as o = Freely rising bubbles in water are smooth (relative to the wavelength of the green light used) oblate spheroidal scattering objects. The curve in Fig. 4 shows the approximate relation between oblateness of the freely rising bubble and its equatorial diameter. Figure 4 shows that freely rising bubbles in water are a convenient source of scatterers having a range of oblateness values. The data points in this figure were calculated by inversion of observations based on measurement of the cusp angle on scattering patterns as described in Section 5. Appendix A includes a derivation of the oblateness curve shown in Fig. 4 and a discussion of the shapes of freely rising bubbles in water.
This paper is organized as follows. Section 2 contains a discussion of the experimental arrangement used to observe the scattering patterns. Experimental angular scattering patterns are displayed and briefly discussed in Section 2 to motivate the POA discussed in Section 3. Subsection 3.A has a review of pertinent results of the POA for the spheres given in Ref. 2 . The harmonically perturbed toroidal wave front relevant to backscattering by slightly oblate bubbles is given in Subsection 3.B. The directional caustic associated with this wave front is computed in Subsection 3.C. The perturbation of the POA for spheres to model the backscattering by oblate bubbles is given in Subsection 3.D. A more thorough discussion of experimental and computed angular scattering patterns is given in Section 4. Section 5 gives a method for obtaining bubble oblateness from the experimental angular scattering pattern.
Photographic Observations of the Cross-Polarized Backscattering by Freely Rising Bubbles in Water
A description is given in Ref. 2 for the general experimental method used to observe the cross-polarized backscattering of a horizontal laser beam by a freely rising bubble in water. In this work two different cross-polarization experiments were performed. To discuss these experiments consider an ideal situation where plane waves traveling parallel to the z axis in Experiments referred to as the symmetric case had the incident beam polarized in the vertical direction, which is also the direction of the freely rising bubble. The X 8 ' axis in Fig. 5 having a polarization at 900 to the incident beam, which is the cross-polarized scattering, was photographed in both symmetric and asymmetric experiments. A spherical or spheroidal bubble has significant cross-polarized backscattering because rays refracting or reflecting at the bubble wall have flat- axis are mirror symmetry planes for oblate bubbles. By symmetry, the cross-polarized scattering is extinguished along the X, and Ys directions as seen in Figs. 1, 6, and 7. In particular, the symmetric patterns are always dark at the cusp points and in the exact backward direction as shown especially in Figs. 1 and 7. The asymmetric cross-polarization experiment was done in an attempt to remove this symmetry and hence to have significant scattering at the cusp points and in the exact backward direction. Figures 8 and 9 for the asymmetric case have fairly strong scattering in these directions. The orientation of the scattering patterns with respect to the coordinate system in Fig The other computational parameters used are given in Table 1 . In (b), the astroid caustic [Eq. (6)] associated with 3-and 4-chord glory ray wave fronts is overlaid on the computed pattern. The caustic farthest from the center results from the 3-chord glory ray wave front.
be understood by noting the bubble rise direction in each figure.
The experimental arrangement of the symmetric cross-polarization study was the same as that shown in However, an additional change in the experimental arrangement was necessary for the asymmetric crosspolarization study. Correct alignment of the beam splitter was a nontrivial task because of polarization. In particular, it is well known that beam splitters can change the polarization state of incident light. A change of polarization generally occurs if the electric field incident on the beam splitter is not either in the plane of incidence or perpendicular to this plane. (The plane of incidence is formed by the propagation direction of the incident light and the normal to the beam splitter at the point of contact, when these two directions do not coincide.) A change of polarization occurs if the flat-surface Fresnel reflection and transmission coefficients are different, at the angle of incidence used, for the electric field parallel and perpendicular to the plane of incidence. To account for these polarization effects the beam splitter in Fig. 6 of Ref. 2 was rotated 450 about the axis of illumination [the z axis in Fig. 5(a) ] for the asymmetric polarization experiments. As a result the incident field was polarized to oscillate in the plane of incidence of the beam splitter. Light backscattered by the bubble was reflected by the beam splitter into an angle of 450 from the horizontal. The camera had to be pointed at the beam splitter at an angle of 45° from the horizontal to account for this orientation of the beam splitter. 
5(c)]. The wave front is approximated by k f(s) [ + k( -) W1
where i is the propagation phase delay of a glory ray given by Eq. (9) The far-zone scattering amplitude is obtained from the two-dimensional spatial Fourier transform of the amplitude in the exit plane. 2 13 We found from numerical studies that for bubbles in water it is sufficient to include the contribution to the scattered field of glory rays that orbit the bubble once and have from 3 to 16 chords inside the bubble. The discussion in this section is an encapsulation of the discussion given in Section 2 of Ref. 5 . Figure 5 is the coordinate system used. The X/' and Xe' coordinate axes are defined by the polarization direction of incident light used in the two types of experiment done, as discussed above. Subscript s (a) refers to an incident polarization direction symmetric (asymmetric) with respect to the axis of rotational symmetry of the bubble. The angle between the Xs and Xa' axes is 45°. The (X', Ye') and (Xs, Y 3 ) planes are parallel and are separated by a distance z. The z-axis direction is antiparallel to the incident laser beam direction. The prime coordinate systems span the exit plane; they are tangent to the bubble. The exit plane is also spanned by the polar distance s and azimuthal angles I (I) for the symmetric (asymmetric) case. In the unprimed observation plane, points are also defined by the distance r, the backscattering angle y, and azimuthal angles s () for the symmetric (asymmetric) case. Freely rising air bubbles in water with diameters >300 Am are slightly oblate (see Appendix A) and have backscattering patterns that are twofold symmetric in general (see especially Figs. 1 and 9 where the twofold symmetry is most evident near the center of the pattern). The leading perturbation of the wave-front shape to account for nonsphericity is taken to be
where Aix = &Ielipse -circie and Ap is the angle used in the symmetric polar coordinate representation of W. () The combined first and second terms in Eq. (2) give the exact propagation phase delay of glory rays in the vertical plane (t = 0) and the horizontal plane (ip = or/ 2) of an oblate spheroid. Furthermore, this f(VI) implies, as it must, that backward-directed rays only exist in an oblate bubble in these two planes as indicated by the four rays in Fig. 2(b) . The term '1circie, which is the propagation phase delay for rays in the equatorial The discussion in this section is a review of that given in Subsection 2.E of Ref. 5. Here, we limit our attention to the far-zone caustic of the perturbed wave front. Light propagating from an initial wave front can become focused. The image surface formed by the loci of points where light is focused is the caustic surface of the initial wave front. The light is most intense at points near the caustic surface. Rays from the initial wave front can merge (Section 4 of Ref. 5 is an example of rays merging, relevant to the caustics discussed here) as the observation point moves through a section of the caustic surface; the caustic surface separates regions of space that have a different number of rays contributing to the amplitude at a given point. 15 Hence, the nature of the diffraction pattern on different sides of a caustic surface can be quite marked because of interference of different numbers of rays at a given point.
Consider the wave front W given by Eq. 2(a). Let R 1 (s, 4t) and R 2 (s, 0t) be the principal radii of curvature of W. In the far-zone or Fraunhofer region (z >> ka 2 ), the caustic is specified by a scattering direction and is often termed to be a directional caustic. 15 It is generated by the contour of Wthat has no curvature (i.e., the contour of W that has R and/or R 2 -). These are the local patches of W that come to focus at z --. Denote the Gaussian curvature of W as K = 1/(R 1 R 2 ). Then the contour of Wthat generates the caustic has K 0, and the caustic direction is defined by normal projections (or rays) from Walong this contour. It can be shown (Appendix A in Ref. 5) that, in the symmetric polar coordinate system of Fig. 5(a) (4) which is the linearized solution to the quartic equation. This contour is sketched on the wave front in Fig. 2(b) . The directional caustic is given from the direction of rays leaving the wave front along the contour described by Eq. (4). The caustic is given in general by 5 (zs z) = (cosf 4 -sin qW, sinf pW + COS W1 ) Using Eqs. (2) and (4) in Eq. (5) gives
for the directional caustic in the linear approximation in ,3, where (U, V) (X/Z, Ys/Z). When A = 0, the caustic is a single point located on the backward-directed axis that is appropriate for glory scattering by spheres. 2 As IAiI increases from zero, the point caustic unfolds to the four-cusped figure known as an astroid given by Eq. (6) and is shown in Fig. 3 . Near the cusp point, this caustic is similar to the transverse cusp studied by Marston. 1 6 Equation (6) 
Bsym(T, V) = E [ij(2) + sj+ 2 (2)] exPQ 2 )
j=O X sin[2%(j + 1)]J 2 (j+)(U). (8) Here, the c's are combinations of Fresnel coefficients given in Eq. (7) In the asymmetric polarization study, V2(-y, ) is given by Eq. (7) when Bsym('y, s) is replaced with Bsym(,y, 7) given by
This expression is also derived in Appendix B. Equation (9) also reduces to the solution for a sphere, J 2 (u) sin (20) , when Al1 -0, since only the first real term in the perturbation series is nonzero in this limit. The first imaginary term in Eq. (9) shows that, for some values of Ax1, the scattering in the exact backward direction, u = 0, can be nonzero. This is in contrast to the solution of Eq. (8) and to the solution for a sphere 2 and is in accord with experimental observations given in Figs. 8 and 9.
4.

Discussion of Experimental and Computed Results
The geometric parameters of the scatterer necessary for computing angular scattering patterns are the bubble equatorial diameter D and the oblateness factor Po. The light incident on the bubble is assumed to be a plane wave of wave number k = 16.29 Aum-in water.
The oblateness factor ro was computed from hydrodynamics for some computations and from inverse scattering measurements for others as listed in (2) replaced with Eqs. (7) and (8) for the symmetric case and Eq. (9) for the asymmetric case.
In all the computations, the values of Ad for each class of glory rays occuring in Eqs. (8) and (9) were determined from exact ray tracing as described in Appendix C. The scattering pattern shown in Fig. 9 (b) was obtained using the asymmetric polarization state of Eq. (9). The experimentally observed pattern in Fig. 9 (a) had equatorial diameter D = 660 ± 10 ,um. To facilitate direct comparison between the symmetric and asymmetric polarization studies Fig. 9 (b) was calculated using the same diameter and oblateness as was used in Fig. 1(b) . The caustics of Eq. (6) associated with 3-and 4-chord glory rays have been overlaid on the computed patterns in Figs. 1(b) and 9(b) . The 3-chord glory ray caustic is the outer four-cusped figure (astroid) in these figures. Caustics of the 5,6,7,... chord wave fronts are all inside the 4-chord caustic. However, their contributions to the total scattered field are less important than the 3-and 4-chord glory ray contributions because of amplitude losses, which increase as the number of chords increases, at each reflection on the bubble wall. 2 In Fig. 9 (b) the pattern is bright inside the 4-chord glory ray wave-front caustic and at the cusp points. In contrast, the pattern in Fig. 1(b) is bright mainly in the region between the 3-and 4-chord glory ray wave-front caustics. Careful observation confirms that the patterns in Figs. 1 and 9 have the same twofold rotational symmetry as the oblate bubble profile in Fig. 3 .
The unfolding of the point caustic to the astroid caustic is a continuous transition. Oblateness Po is the parameter that increases the size of the astroid caustic as can be verified in Eq. (6) . To increase the oblateness the bubble diameter must be made larger because of hydrodynamic constraints as indicated in Fig. 4 . The ka size parameter for more oblate bubbles is larger than for less oblate bubbles. The geometrical optics limit is approached as ka tends to infinity. Caustics are the short wavelength limit of wave theories and, hence, as the oblateness becomes large the caustic becomes more pronounced in the angular scattering pattern. The experimental unfolding of the point caustic follows the increasing bubble equatorial radius. From smallest radius to largest bubble radius the un-folding progresses in order of Figs. 6(b), 6(a), 6(c), 7, 8,  1(a), and 9(a) .
5.
Inverse Scattering Equation (6) can be used to determine the geometric oblateness factor r 0 given in Subsection 3.B from features of the experimentally observed angular scattering pattern. We limit the discussion to the symmetric polarization case since the data used for Fig. 4 are for this case; however, the discussion also applies to the asymmetric case. The method essentially requires knowing how the outer astroid caustic in Fig. 1(b) , which is computed from Eq. (6), is approximated by the experimentally observed angular scattering pattern, Fig. 1(a) . The outer astroid caustic shown in Fig. 1(b) is associated with the class of glory rays having 3 chords inside the bubble [see Fig. 5(b) ]. From Eq. (6) where a is the equatorial radius of the bubble (see Table 2 
where A 3 -0.613 is a constant of proportionality (each class of glory rays has a different value of A). The oblateness o can be determined from Eqs. (10) and (11) . Considering Umax, or equivalently, Xmax, an experimentally measured value, the combination of Eqs. (10) and (11) gives
Again, Xmax is the actual distance (on the exposed negative) from the center of the angular scattering pattern to the perceived location of the cusp point, and L is the focal length of the lens used. Data derived from use of Eq. (12) are shown in Fig. 4 . The measurements were performed on experimental patterns obtained using the symmetric polarization state. This method for experimentally obtaining the oblateness is limited by the precision in which one may specify the cusp location, Xmax, on a magnified print of the exposed negative. For constant oblateness, the spacing of diffraction fringes that decorate the caustic decrease as the size parameter ka increases (the geometrical optics limit). This is the limit for which Eq. (12) is most useful. The ease and accuracy of this technique may be improved by using Xmin instead of Xmax, or by using the asymmetric cross-polarization arrangement for which the cusp points are bright. Here Xmin is the distance from the center of the pattern to a point on the 3-chord caustic at 450 from the cusp points. The points for the Xmin measurement are easier to locate than the points for the Xmax measurement because, in the latter, the symmetric cross-polarization arrangement makes the cusp points dim.
Conclusion
The experimental angular scattering patterns clearly demonstrate that a local enhancement of backscattering, which was discussed in Ref.
2 for spherical bubbles in water, is also present when the bubble is large enough to take on an oblate shape as it rises. The observed scattering patterns decorate the astroid caustics of backscattered harmonically perturbed wave fronts that have been distorted as a consequence of the oblateness of the bubble. The axial point caustic of glory scattering from spheres unfolds to an astroid caustic for oblate spheroids. Berry 15 briefly discusses general features of the unfolded glory of distorted spheres. Nye's catastrophe theoretic analysis also predicted an astroid caustic for oblate scatterers.' 7 For cross-polarized scattering, the angular scattering patterns are markedly different for different polarization directions of the incident beam relative to the axis of symmetry of oblate bubbles. Bubble oblateness can be determined by measuring the angle made between the center and cusp point on the angular scattering pattern. A POA can be used to compute the angular scattering patterns of oblate bubbles for angles in and near backscattering. This research is germane to the optical detection of bubbles and to optical remote sensing through bubbly water. This research also gives new insight into glory scattering from distorted spheres.
Appendix A: Hydrodynamic Estimate of the Bubble Oblateness
In the experiment bubbles rose freely through a tank of water and were illuminated by a horizontally propagating polarized laser beam. The equatorial diameter of the generally oblate spheroidal bubble is D = 2a, where a is the equatorial radius. After the bubble passed through the laser beam, we trapped it against a glass slide and measured D. This appendix describes a technique for inferring the bubble oblateness assuming that D is known. The following discussion pertains to a freely rising air bubble in water near room temperature and in a container that is large compared to the bubble radius. We are concerned with bubbles having diameters of 200 m < D < 1300 Aim. Bubbles in water are either spherical or oblate spheroidal' in this range of D. A measure of the bubble oblateness can be given by the oblateness factor a2 r = 1 ,
where c is the distance from the equatorial plane to the top of the bubble. The cross section of the bubble is an ellipse in any plane that contains the axis of rotational symmetry. The semimajor and semiminor axes lengths of the ellipse are a and c. where g is the acceleration caused by gravity. The coefficient CD is the ratio of the buoyant force on the bubble and the dynamic forces resulting from viscosity and inertia.
For D < 1300 Am or Re < 565 bubbles rise in a rectilinear path (see Table 7 .1 of Ref. 18 ). Bubbles obey the standard drag curve' 8 CD(Re) for rigid spheres when Re < 30 or D < 500 Am. Then up to D = 1300 Am, the drag on a bubble is significantly less than that of a rigid sphere of the same equivalent diameter. 8 " 9 This is the result of internal circulation of the gas inside the bubble.'
8 "1 9 Thus bubbles rise faster for bubbles with 500 ,um < D < 1300 gm than does a rigid sphere in the same size range (see Fig. 7 .2 of Ref. 18 and Fig. 11 .14 of Ref. 19 ).
Surfactants present in water slow the bubble down (see Fig. 11 .14 of Ref. 19 and Fig. 7.3 of Ref. 18 ) because of inhibition of flow past the surface and inhibition of circulation of the gas on the inside of the bubble. A thin surfactant layer (assumed here to be optically insignificant) is evidently the reason the drag or Reynolds number for small bubbles is usually that of a rigid sphere.' 8 The oblate shape also tends to slow the bubble (see The Weber number, We = DpUt 2 /a, where p is the density of water and a is the surface tension, is the ratio of dynamic pressure to surface tension pressure. When surface tension wins out, the surface tends to a spherical shape. The Weber number can be expressed as follows for steady-state rise of a bubble: We, the oblateness is20,21 ro = 9We/32. To use this relation for oblateness, Re and CD must be known for a bubble in which we have measured D, but not Ut. A good estimate of the standard drag curve for Re < 800 is supplied by an empirical drag law for rigid spheres (most accurate for bubbles with Re < 30) from Schiller and Nauman' 8 :
This relation is probably valid for Re > 30 in our experiments because of the possibility of surfactant impurities in the water. The procedure is to find Re Figure 4 is a plot of ro vs D derived from this procedure. This estimate for ro can be compared with an estimate obtainable from certain features of the optical backscattered angular pattern as discussed in Section 5. The possibility of hydrodynamic interactions with the walls affecting the bubble shape was judged negligible since the diameter of the scattering cell was much greater than the diameter of the bubble. The differences between the shape of the sessile (trapped) bubble for which D was measured and the shape during its terminal velocity rise can be shown to have a negligible effect on D in comparison to uncertainties in this measurement.
Appendix B: Series Solutions for the Diffraction Integrals
This Appendix outlines a series of solutions for the angular part of the diffraction integrals for cross-polarized scattering from slightly spheroidal bubbles.
Equations (10)- (19) of Ref. 2 are the full expressions for, and solutions to, the diffraction integral for the copolarized and cross-polarized backscattering by a spherical bubble. The scattered field in the far-zone observation plane is a two-dimensional spatial Fourier transform' 3 (i.e., the mathematical expression of Huygens principle) of the field in the exit plane of Fig. 3 or . Superscript g indicates a glory ray type of contribution (rather than an axial ray contribution) to the total scattered field. The diffraction integral for oblate bubbles is taken to be Eqs. (10) and (11) (2) and the argument of the first exponential is the unperturbed wave-front shape given by Eq. (1) . Note that the harmonic angular perturbation part of W is only a function of the azimuthal angle. As a result, the stationary phase approximation for the radial variable given in Eqs. (13)- (17) The expressions for V 2 are
for the symmetric and asymmetric polarization states, respectively, where J cos(2j4,) cos(u cos V/)dip = (-1)jirJ 2 j(u).
Use of the standard recursion 2 2 relations for evaluating the derivative in Eq. (B6) and for rearranging the sum occurring for Eq. (B5) gives the results shown in Eqs. (8) and (9). It should be emphasized that, for oblate bubbles, the total scattered cross-polarized field associated with glory rays was taken to be a coherent superposition of the contributions from glory rays with 3-16 chords inside the bubble. For definiteness, the mirror symmetry planes of interest are the planes containing the X,' and Y 6 ' axes and the z axis in Fig. 5(a) Fig. 11 , the origin of the X, Z coordinate system is taken to be at the center of the bubble for this calculation. In contrast, the origin of the Xe', Z coordinate system in Fig. 5(b) is point C in b is the impact and exit parameters of glory rays, n = (ny, n,) denotes unit normals to the ellipse, r = (1, n) denotes direction cosines of rays, that is, unit vectors in the direction of propagation of ray segments, P = (x, z) denotes points on the ellipse and is to be considered a vector from the origin to the point x, z, and 0 denotes angles defined to be between 00 and 900.
The subscripts in Fig. 11 are used as follows: i denotes incidence, t denotes first transmitted, rj denotes jth reflected, and oj denotes jth refracted out.
The propagation path of a 3-chord glory ray is shown in Fig. 11 . From this path, the propagation phase delay of the glory ray in Fig. 11 is defined as
where ,u = Aair/ 4 water = 0.7496 is the relative refractive where subscript p denotes the number of chords the glory ray has inside the bubble. We first describe how fl3ellipse is calculated and then give the explicit expressions. The incident angle O3i that corresponds to a 3-chord glory ray must first be determined. To do this, we take ri = (14, ni) = (0, -1) and Oi = 0. Then Oi is increased by a small increment and the ray-tracing equations described below are used to compute the ray path up to ro 3 in Fig. 11 . If this Oi gives ro 3 = (0, 1), this ray path is a glory ray path, and if not, Oi is increased by another small increment. After a value of Oi = 03i has been established for a glory ray, 7 l3ellipse can be computed from Eq. (Cl) since the values of Po through P 3 are known from ray tracing. The same method may be used to compute 13circle-In practice, three things shorten the amount of computation necessary. First, the initial value of Oi can be judiciously chosen to be 03i for a 3-chord glory ray in a circle (for which an analytical expression exists) 2 3 because O3i for an ellipse (i.e., oblate spheroidal bubble) is greater than that of the circle. Second, only rr1 must be computed to determine the condition on Oi for the 3-chord glory ray, since rr(03i) = (-1, 0) by inspection of Fig. 11 . Third, a numerical root-finding algorithm known as the method of false position (see any text on numerical analysis such as Ref. 24 ) can be used instead of the brute-force iterative technique. Now the specifics of two-dimensional ray tracing are
given. We may take r = (0, -1) and Oi as given quantities. Then Ot, ni, rt, PO, and PI must be computed as a first step. The angle Ot is determined from Snell's law:
sin Oi = sin Ot.
The equation of the ellipse in We find It = sin(Ot -6i), n,= -cos(Oi -Ot).
We may now define P2(Xrl, Zni) by P 2 -P 1 IP2 -P11=rt (Cl3a) (Cl3b) (Cl4a) (Cl4b) (CiS) Writing out the components of Eq. (C15) and rearranging gives (xr -xi)/lt = (Zrl -zi)/nt = P 2 -P 1 1, thus It Xr = Xi + -(Zr -zi). 
where Eqs. (C10) and (C11) are to be used for zi and xi. Next rt must be determined by inspection of Then the two components of r,1 can be computed from the combined use of the two expressions nr1 r = cos(7 -On) = -cos Orl, and rt * rrl = cos(7r -20rl) = -cos( 2 0rl) = 1 -2 cos 2 0rl. Clearly the calculation for P 3 follows exactly the same steps as the calculation for P 2 once rrl is determined. Then P 1 -P 3 can be used in Eq. (Cl) to determine 7 3ellipse or 7 l3circle after the incident angle Oi of a 3-chord glory ray has been identified. This procedure can be easily generalized to compute Ai\p in Eq. (C2) for essentially any p of interest. Once Aip can be calculated, the important values of A = Aip/(karo) can be determined as discussed following Eq. (C3). Table 2 is a listing of Ap values for p = 3-16. To determine the Ap values, Aip = Apkaro was computed using ray tracing and Eq. (C2) as a function of radius a, with a ranging from 100 to 350 ,m.
The hydrodynamic solution given in Appendix A for ro = ro(a) = a 2 /c 2 -1 was used to obtain the oblateness.
The value of c necessary for ray tracing can be determined since ro and a are known. A linear leastsquares algorithm with karo as the independent variable was used to determine the slope A and the uncertainty AAP in this value. We expect that, since the relative uncertainty (in the worst case) AA 3 IA 3 1 0.0003 is small, the assumed linearity in Eq. (C3) is a good approximation. The primary cause of the uncertainty AAp is not numerical inaccuracy but is that the assumed linearity is not perfect. Note that API increased as p increases, as one would expect.
